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Abstract

A two-dimensional mathematical model has been developed to study the interaction between gravitational body force and self-induced
electromagnetic body force in a Joule-heated liquid pool in a rectangular cavity, with an aspect ratio of 2. The Joule heating of the liquid
pool in the cavity is accomplished by passing a large alternating current employing a pair of plate electrodes immersed in the liquid. The
electrode surfaces are assumed to be isopotential and rest of the boundaries is treated as electrically insulated. The upper boundary of tr
liquid pool is an isothermal boundary while the rest of the boundaries are assumed to be thermally insulated. The present study investigates
the convective behaviour of different liquids under Joule heating. Numerical simulations have been carried out employing Boussinesq fluids
for Rayleigh numbers up t0.2 x 10° and Hartmann numbers up t0>4107. This study shows that the heat transfer in the uniformly
Joule-heated liquid is governed by the gravitational body force wHaPr/+/Ra< 120 and by the self-induced electromagnetic body force
when Ha2Pr/Ra> 100. It also indicates that the thermal field is strongly dependeriran electromagnetically driven flows whiler
has negligible effect on temperature field in thermally driven flows for2®r > 10. Heat transfer correlations for thermally driven flows,
electromagnetically driven flows and combined flows are also presented.
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1. Introduction Physical phenomena taking place inside Joule-heated lig-
uid pools are quite complex and interrelated. The heat trans-
fer in the liquid pool is governed by the natural convection

The principle of Joule heating is extensively made use caused by the body forces generated on account of Joule
of in the electrothermal industries to give rise to elevated heating. Two types of body forces prevail in an electrically
process temperatures. For example, Joule heating is Use@onducting liquid under Joule heating. These aregffami-

for melting glasses in electric glass melters and for heating tational body forcelue to the non-uniform temperature field

molten slag in electro-slag remelting process applied in the and theelectromagnetic body forcéue to the interaction

steel industry. The above electrothermal processes employbetween self-induced magnetic field and moving charge car-
either direct current or low frequency, alternating currents riers in the liquid. The convective behaviour of the liquid
for heating the process medium, which is in liquid state pool under Joule heating depends strongly on the interaction
placed between a pair of electrodes. between the two body forces.
Mathematical models have been developed by various re-
searchers to study the convective behaviour of liquids un-

* Corresponding author. Tel.: +91 22 25591074; fax: +9122 25505185,  der Joule heating [1-5]. Models developed for predicting
E-mail addressgsugilal@gmail.com (G. Sugilal). the flow field and the temperature distribution inside the
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Nomenclature

A magnetic vector potential ........... &m-1 Superscript

B magnetic flux density vector ........ Wh—? / dummy variable

D electric flux density .................. @2 _

E electric field intensity ................ xht Subscript

g gravitational acceleration vector ....... 9T 0 reference value

g acceleration due to gravity 9.81 ....... -9T? avg average value

h heat transfer coefficient ......... wW2.K-1 max  maximum value

H magnetic field strength ............... Al x,y,z component of a vector quantity

J electric current density ............... A2 Dimensionless quantities

k thermal conductivity ........... wh~1.K-1 -

L vertical dimension of cavity ............... m A magnetic vector potentiah W /o jpoL?

p excess pressure over static pressure ..mMN B magnetic flux densiyBW /o ugoL

r POSItioN VEeCtOr ............oovviinainn... m E electric field intensityEW /o

t M L. s J electric currgnt dzens'tylW/U‘PO

T teMPErature .............coeeeeeeennnn.. K 2 pressurepL®/pv A,

u velocity alongx direction ............. ns 1 T temperature, @ — To)kW*/o gL

v velocity vector ...l BT! u,w  x-andz-components o¥

w velocity along the direction .......... ns 1 v velocity vectorVL/v

w horizontal dimension of cavity ............ m ¥ Cartesian coordinate indirection,x/L

x,y,z Cartesian coordinates .................... m % Cartesian coordinate indirection,z/L
¢ electric scalar potentiay/ o

Greek symbols v gradler_1t operatoly L
V2 Laplacian operatoiy2L?

o thermal diffusivity .................. fas1 Dimensionless numbers

B coefflt_:lent of volumet.rlc expansion ...... K u aspect ratiol/L

%) electric scalar potential ................... V. Ha Hartmann number

m magnetic permeability ............... a1 JoL2/ 1t/ por? = L(;%W

v kinematic viscosity .................. Zns—; Niyg average Nusselt number/2 [¢ T i

p density ......... R REEREEEEEREE RS kg~ Ny square of the ratio of. to the electromagnetic

o electrical conductivity ............. mho 1 wavelengthmpio L2

w angular frequency of current ......... rad Nrem Magnetic Reynolds numberuL Vo = o v

v gradient operator ...................... M pr Prandtl numbery /«

v? Laplacian operator ..................... M  Ra Rayleigh number,

A difference of a quantity L3gBATy/va = L3g,3mp§/2kava2

electro-slag remelting furnace assume that the gravitational2. Governing equations and boundary conditions

body force can be neglected when compared with the elec-

tromagnetic body force [1,2]. On the other hand, the elec- Mathematical model to describe the state of an electri-
tromagnetic body force is ignored in the models for the cally conducting liquid pool in a cavity involves model equa-

electric glass melters [3-5]. Thus, it is evident from the liter- tions for fluid flow, heat transfer and Maxwell's equations

ature that physical properties of electrically conducting lig- describing the electromagnetic field.

uids strongly govern their convective behaviour under Joule-

heating. The present study investigates the convective behav2.1. Electromagnetic field

iour of different electrically conducting liquids ranging from

molten metal to molten glass. Main aim of this study is to The Maxwell's equations describing the electromagnetic
identify the conditions under which each one of these two fields prevailing in a Joule-heated liquid pool can be writ-
body forces prevailing in a Joule-heated liquid pool domi- ten as

nates the other. It also characterises convective behaviour of 9B

thermally driven flows, electromagnetically driven flows and V x E=—=— (1)
combined flows in a Joule-heated liquid pool. Heat transfer 5D

correlations for these three types of flow are also presented.V x H=J + — (2)

ot



G. Sugilal et al. / International Journal of Thermal Sciences 44 (2005) 915-925 917

V-B=0 3) effect on the electromagnetic behaviour. For such cases,

. . L Ohm'’s law stated in Eq. (6) can be simplified as
Further, the equation of electric charge continuity in a Joule- a. (6) P

heated liquid pool can be expressed as J=oE (14)

vV.J=0 (4) Using Egs. (13) and (14) in Eqg. (4), the charge continuity

. . o ) equation can be re-written as
In addition to the above equations, constitutive relations as

given by Egs. (5) and (6) exist. Relation stated in Eq. (6) is V- [0V¢]=0 (15)
known as Ohm's Law which takes the following dimensionless form when electri-
B = uH 5) cal conductivity is constant:

J=0(E+V xB) © V=0 (16)

At low frequencies, i.e. when the rates of time variation The dimensionless form of the Ohm’s Law given by Eq. (14)

are sufficiently slow, the displacement-currédb/dr) can N _
be neglected. For such cases, Eq. (2) can be simplified andl = —aV¢ (17)

re-written as Eq. (7) using Eq. (5). where dimensionless quantity’‘is the aspect ratio of the

VxB=pud @) rectangular cavity in thez-plane.

The magnetic flux density can be obtained by solving Eq.
(7), which has a dimensionless form as given by Eq. (18),
subject to the constraint given by Eq. (19) which is the di-

Upon combining Egs. (1), (6) and (7) the following expres-
sion is obtained:

d[c(E+V xB i

VxVxE=—p [o( -;t x B)] ®) mensionless form of Eq. (3).

R - . o VxB=J 18
For the sinusoidal variation of an applied electric field, the _ XN (18)
electric and magnetic fields can respectively be representedV -B=0 (19)
by Eg. (9) and (10). Since there are no externally applied magnetic fields, the

= ot magnetic flux density must vanish at infinity. Eq. (19) can

E=Ee ©) be identically satisfied by introducing the magnetic vector
B=B¢/* (10)  potential A, defined by

whereB andE are complex amplitude of the phas@sand B =V XA (20)
B, wis frequency ang = /—1. For a steady velocity field,  since the divergence of the curl of any vector field is zero.

Egs. (8)—(10) can be combined to get Eq. (11) Using the vector identitW x (V x A) = V(V - A) — V2A,
~ ) ~ - Eq. (18) and (20) can be combined to obtain
VXVXB:—Ja),ua(B+V><E) (11) N
V(V-A)-V2A =] (21)

which can be re-written in the following dimensionless form, o . -
assuming that electrical conductivity and magnetic perme- The vector potential is arbitrary up to the addition of a gra-

ability remain constant: dient of any scalar field¢), sinceV x (A +V¢) =V x A
~ o~ o~ i~ ~ o~ asV x V¢ = 0for any scalar field. Therefor¢,can be cho-
VXV xE=—jN/[E+NrenV x B] (12)  sen such tha¥ - A = 0, which is often referred to as fixing

The dimensionless quantity; represents the square of the "€ gauge oA [6]. Then Eq. (21) reduces to

ratio of the length scale to the wavelength of electromagnetic 3/2A — —J (22)
field oscillation andVremis the magnetic Reynolds number,
which can be defined as the ratio of convective to diffu-
sive transport of electromagnetic field. The valueshgf
and Nrem for a typical industrial scale electro-slag remelt- x - J[f'/]
ing unit are of the orders of 18 and 104 respectively [1].  AlF] = ///
These quantities are also typically small for glass melting

operations [4]. Under such conditions, the electric field can Which satisfies the conditioR - A =0 asV - J =0 in the

be regarded as eddy free field and therefore, the same can beresent study. Therefore, the magnetic flux density at posi-

Using the Green’s function in 3-D space [7], the vector
potential can be expressed as

dr’ (23)

|r—r|3

expressed in terms of the electric scalar potential as tion 7, i.e. B[], induced in the liquid pool due to a current
densnyJ[r’] at positionf’ can be expressed, in its dimen-
E=-Vgp (13) sionless form, as given by Eq. (24).

For small magnetic Reynolds numbers, the sluggish hy- _ /-// I x F—7) (24)

drodynamic behaviour of the liquid pool has negligible =
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~ ~ ~ =w=0,T=Ty,0¢/02=0
where d’ denotes the volume element'dly’ dz’ andf = ol °

r/L is the dimensionless position vector. )
Since this study considers low frequency alternating cur- e, AL
rent sources for Joule heating, the complex amplitudes of the L
electromagnetic quantities that appear in the above equations
can be replaced with the corresponding rms values. k
/ W /
2.2. Fluid flow Electrode u=w=0,0T/82=0,0¢/0z=0 Electrode
=0 =0
Fluid flow in the system is described by the equation of ‘ y
continuity and by the Navier—Stokes equation for momen- | B
tum. Assuming the model fluid to be incompressible, the
equation of continuity can be expressed as Fig. 1. Computational domain with coordinate system.
v-v=0 (25) which can be non-dimensionalised to obtain
which can be rewritten in dimensionless form as ~ o~ 1ops 2~ ~
o (V-VT)==VT+—=J-J (30)
V.V=0 (26) Pr Pr

The last term on the right of Eq. (30) represents the volumet-

Using the Boussinesq approximation, the Navier—Stokes fic heat generation due to Joule heating.

equation for momentum for a steady, laminar flow can be
written as

p(V-V)V=-Vp+uV?V +IxB—pB(T —To)g (27)

2.4. Simplified model equations and boundary conditions

The boundary conditions used in the present study are ex-
plained in Fig. 1, which shows the principal dimensions of
S S\ Y R~ Ra~ the computational domain in the—z plane. In the present
V.- IW=-Vp+IV +H2(IxB) + —T 28 putational dc ez p P
( ) P+ + ( x )+ Pr (28) study all gradients in the-direction are neglected. Fur-
In Eq. (28), the third and fourth terms on the right-hand side ther, the electrode pair is assumed to be isopotential surfaces

represent the electromagnetic body force and the gravita-With an externally applied potential difference f across
tional body force respectively. them. Rest of the boundaries is assumed to be electrically

The dimensionless numbeiRa, Pr and Ha are the insulated. All the boundaries of the pool are solid—fluid in-
Rayleigh number, the Prandtl number and the Hartmann terfaces, which can be treated as no-slip and no-penetration
number respectively. It is well known that the Rayleigh num- type such that velocity components are zero at these bound-
ber, which is the buoyant force divided by the product of aries. The upper boundary of the liquid pool is an isothermal
the viscous drag and the rate of heat diffusion, characterisessurface while the rest of the boundaries are assumed to be
the buoyancy driven natural convection while the Hartmann thermally insulated. The governing equations discussed ear-
number governs the magnetohydrodynamic flows. Tradition- lier can be simplified to suit the above conditions as

which can be non-dimensionalised to obtain

ally, the Hartmann number is definedlda = BoLo+/o/pv 25
[8]. This definition is obtained for conventional magneto- &2 =0 (31a)
hydrodynamic flows where the order of magnitudeJab . 4é
same as that of x B. In the present study, it is assumed J. = —q—2 (31b)
that J > V x B and hence the conventional definition of dx
Hartmann number may not be valid. Therefore, Hartmann 5 —G-NTIF. 71 ., .
number is defined ada = (JoL?/v)/iu/po for the present  By[X,Z]= > // G+ 7y di’ dz’ (31c)
study. The Hartmann number is the square root of the ra-
tio of the electromagnetic body force to viscous force while 5; g4
the ratioRg/Pr is the ratio of the gravitational body force 7= + 5= = 0 (31d)
to viscous force. Thusija?Pr/Rais the ratio of the electro- - N 2~ 2~
magnetic body force to the gravitational body force. ,;a_” 4 uja_” = _8_p 8_” 4 8_” (31e)
dx 3z % 9x2 972
2.3. Heat transfer _ow | _dw 9p  0%w | 9%
" TV T Tz T oz
Assuming negligible viscous heat dissipation, the differ- 2= = Ra,.
ential thermal energy balance equation may be expressed as +HaJxBy + ET (310
1 OT _oT 1[3°T 9°T| 2~
pCp(V -VT) =kV2T + ~J-J (29) e Pr[ } T (319)
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The corresponding boundary conditions can be expressedegime. Experimental measurement of Kulacki and Emara
as [11] reported an average bottom temperature of 0.3 for a
layer of water with large horizontal extent when the Rayleigh

p=1 fori =0 0<z<1 (322) number is 285 x 10°. Present code predicted a horizontally
¢=0 forx=a,0<z<1 (32b) averaged valued of 0.2703 at the bottom layer of water with
i=w=0 fori=0 0<3<1 a finite aspect ratida = 2): The deviation_from the exper-
- . imental value can be attributed to the differences between
t=a, 0<z<1 the experimental conditions and model assumptions such as
7=0,0<Xx<a constant physical properties, aspect ratio and method of av-
:=1 0<i<a (32c) eraging the local temperatures. Presel_ﬂt computer program
~ . was also successfully benchmarked using the results of Ben
r=0 forz=1 0<¥<a (32d) Hadid et al. [12], who performed numerical study to investi-
£ —0 fori=0, 0<7<1 gate the flow _structures and the nature of qonv_ective _regimes

X in a differentially heated rectangular cavity filled with an

Xx=a,0<z<1 (32e) electrically conducting liquid metal when it is subjected to
oT ~ ~ a constant vertical magnetic field.

PR 0 forz=00<Xx<a (32f) Based on the grid sensitivity analysis, a uniform grid of
size 120x 60 was employed throughout the present study
in order to obtain the numerical solution of the governing

3. Numerical solution partial differential equations.

The transport equations describing the balance of elec-
tric charge, momentum and heat were discretized using the4. Results
control volume based finite difference method of Patankar
[9]. For this, the diffusion terms in the governing equa- The natural convection in a Joule-heated liquid pool is
tions were approximated by the standard central differencedriven by the gravitational body force and/or the electro-
scheme while the convection terms were approximated by magnetic body force that prevail in the system. The elec-
the power-law scheme. The discretized equations were iter-tromagnetic body force can be neglected for relatively small
atively solved using a line-by-line method coupled with the values of the Hartmann number. In such thermally driven
tri-diagonal matrix algorithm. The SIMPLE algorithm was flows, the convective heat transport in the liquid pool is char-

used to handle the pressure-velocity coupling. acterised by the Rayleigh number. On the other hand, in
The self-induced magnetic flux densify, was deter- liquids with high electrical conductivity, electromagnetically

mined by numerically integrating Eq. (3lc)vemploying mid driven flows prevail by virtue of strong electromagnetic body
point method. Special care was taken to evaluate the aboveorces. In such electromagnetically driven flows, the con-
integral numerically, since the integrand is singular when vective heat transport in the liquid pool is characterised by
(¥,2) = (x', 7). Since the contribution of a given control the Hartmann number and the Prandtl number. When both
volume to the total value ofﬁy at the node corresponding to  the gravitational body force and the electromagnetic body
the same control volume is small, the numerical integration force are equally strong, the flow pattern and thermal field
was carried out excluding the cell for whick’, 7') = (%, 2) in a Joule-heated liquid pool strongly depend on the interac-
to avoid singularity conditions. tion of the gravitational force and the electromagnetic body
The computer program was benchmarked using resultsforce. The convective heat transfer is either enhanced or sup-
obtained by Emara and Kulacki, who carried out a numeri- pressed depending upon whether these two body forces are
cal investigation of thermal convection in a heat-generating assisting or opposing each other. Convective behaviour of
fluid layer [10]. They obtained finite difference solutions thermally driven flows, electromagnetically driven flows and
of the equations governing two-dimensional thermal con- combined flows in uniformly Joule-heated liquids are dis-
vection driven by uniform volumetric energy sources dis- cussed in the following sections.
tributed in an incompressible fluidPr = 6.5) in a rectan-
gular enclosure, bounded by an isothermal top boundary4.1. Thermally driven flows
and remaining adiabatic boundaries. The computed aver-
age Nusselt number obtained using a uniform grid of size  Eq. (31a) can be solved analytically for the boundary con-
60x 30, shows a relative difference of 5.6% Ra=5x 10* ditions (32a) and (32b) to gef: = 1, which give rise to a
when compared with the heat transfer correlation of Emara uniform Joule heat generation in the liquid pool. For an in-
and Kulacki. It is believed that this difference is acceptable finite horizontal thin layer of liquid with uniform internal
as the numerical results are compared with the correlationheat generation, linear stability theory shows that the onset
which was developed for a wide range of Rayleigh number of motion occurs aRa. = 1386 [13]. In presence of lateral
(5 x 10°-5 x 10%), most of which is in the turbulent flow  boundaries, the critical Rayleigh number is expected to be
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Fig. 2. Maximum horizontal velocity for thermally driven flonBr(= 1). 04F
a function of the aspect ratio. For the present case, liquid is 0.2
bounded by two lateral walls in the-direction. These ver-
tical walls suppress the destabilising forces and as a result 00

0.5 1 1.5 2

the critical Rayleigh number is expected to be higher than

1386. The effect of lateral wall for the current aspect ratio Fig. 3. Contour maps of stream function and isotherms for thermally driven
(a = 2) on the critical Rayleigh number can be illustrated by flow (Ra=10° Pr=1).

plotting the maximum horizontal velocity as a function of 10 4
Ranear the instability region. Maximum horizontal velocity *le ‘L
againstRafor Pr =1 is plotted in Fig. 2. The onset of mo- -
tion occurs close tRa= 1650 for an aspect ratio of 2. Fig. 2 08 ¥
shows that the maximum horizontal velocity varies linearly

with the Rayleigh number soon after the onset of motion.
Near the onset of motion, the flow is weak and it is rea-  °°
sonable to equate the gravitational body force to the viscous?z
force which leads to the linear relationship observed. Fur-
ther, when the flow becomes strong enough, the gravitational
body force can be equated to the inertial force such that
square of the maximum horizontal velocity varies linearly
with the Rayleigh number as seen in Fig. 2. Steady-state so-
lutions could not be obtained f&ta> 2.5 x 10°.

Flow pattern and isotherms obtained fea= 10° and i " v ” -

Pr =1 are shown in Fig. 3. It reveals that the flow field -
consists of two counter-rotating flow cells, with an upward T
flow at the centre of the pool and a downward flow near
the boundaries. Numerical results obtained for diffefeat
shows that the flow field is relatively stronger at the pool
centre for low Rayleigh numbers. ARa increases, the Fig. 4. Horizontally averaged temperature profiles for thermally driven
down-flow near the walls becomes stronger than the cen-flows Gr=1)
tral up-flow and the centres of the flow cells move towards , )
the bottom corners. Predicted isotherms show that, on anyrowever, the mean temperature difference across the lig-
horizontal plane within the liquid pool, the boundaries are Uid layer decreases with increaseRa An average Nusselt
relatively cooler than the centre which is consistent with the NUMDer, in terms of the mean temperature difference across

»
>
(3
-

>
]
n

>
R e g
.
n

P P L
<

T e

0.4

X34 3 26

0.2

n*#i*tii**‘**
» >
»>>>
>>>b’>’

M

B Ra=0 ® Ra=25x10" A& Ra=10"
¥ Ra=10" % Ra=25x10

flow patterns observed. the liquid layer, can be defined as

Horizontally averaged liquid-temperature is plotted in N _ 2 2 (33)
Fig. 4 as a function of for different values oRa. A constant Yavg = Teo—Tog - T o
temperature gradient ef2 at the liquid surface, irrespective = = =

of the Rayleigh number, indicates that the steady-state heawhereT = }lfg T dx is the horizontally averaged tempera-
transfer rate matches the heat generation rate in the liquid.ture of the liquid.
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) _/' Fig. 6. Contour map of y-component of magnetic flux density.
1

Fig. 5. Average Nusselt number for thermally driven floiws = 1).

: 20
10° 10* 10° 0.8+
Ra 10
06}

0.4Ff
Fig. 4 implies thatNuayg = 2 for conduction, i.e. when
Rayleigh number is less than the critical val®a= 1650. 0.2
Convection currents in the post stability regime lower the
mean temperature difference across the liquid layer as illus- 00 05 1 2
trated in Fig. 4. This results in an increaseNogyg. Thus,
Nuavg is an indication of degree of convection in the post 1 [ .
stability regime. The average Nusselt numberRor= 1 is
plotted as a function dRain Fig. 5. Based on the results ob- 0.8 1
tained, an empirical correlation was developedNokyg as Q.1
given by Eq. (34). 061 \R2 1
0.3
Ra 04t 0.3 0.3 ]
NUagyg= 2+ 2.5log| —— : '
o) & &
for 1650< Ra< 2.5 x 10° andPr = 1 B34 %2 1
The correlation (34) gives a maximum relative error of 0 0'5 1 1'5 p

2.8% and an rms value of 1.6% when compared with the
Nuavg computed. The functional form of the above corre- Fig. 7. Contour maps of stream function and isotherms for electromagneti-
lation leads toNuayg = 2 at the critical Rayleigh number  cally driven flow Ha? = 2 x 10°, Pr = 1),
(Ra=1650.
body forces try to pull the liquid towards the mid-height of
4.2. Electromagnetically driven flows the pool. It is also evident from Fig. 6 that the contracting
forces are maximum at the centre of the horizontal bound-

The governing partial differential equations show that aries. The non-uniform electromagnetic body force due to
the electric field, flow field and thermal field are decoupled the self-induced magnetic field result in magnetohydrody-
for magnetohydrodynamic flows for low magnetic Reynolds namic flows in the liquid. Fig. 6 suggests a flow pattern
number when physical properties are assumed to be temperwith four counterrotating flow cells. The flow pattern and
ature independent. Therefore, unlike in the case of thermally corresponding isotherms féta? = 2 x 10° andPr = 1 are
driven flows where the flow and thermal fields are intimately presented in Fig. 7. The numerical results obtained show that
coupled, in electromagnetically driven flows, the flow field size of the flow cells diminishes &2 increases leaving the
can be obtained for a given Hartmann number and the ther-pool centre relatively stagnant. Deformation of the isotherms
mal field can be obtained subsequently for the computed from its conduction solution, which are horizontal lines, can
flow field. be explained in terms of the direction of the flow cells.

Fig. 6 presents the magnetic flux densiﬁlyl contours The maximum horizontal velocity obtained for L&
given by Eq. (31c). The current density results in the Ha? < 4 x 10’ is plotted in Fig. 8. It shows two distinct
magnetic flux densityﬁy and the interaction of the two  regions with two different slopes. The maximum horizon-
results in the electromagnetic body forcdgB, (= B, for tal velocity varies linearly withHa? for weak flows while
J. = 1) which act in thez-direction. The electromagnetic it varies linearly withHa for strong flows. These observa-
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Fig. 10. Average Nusselt number for electromagnetically driven flows
(Pr=1).

1.0 s

ah bbb sb”‘,
) ]

.. shown in case of thermally driven flows, the temperature
n) gradient at the pool top equals te2. In addition, the hor-
feln, izontally averaged temperature profiles exhibit a constant
*y " slope of—1 atz = 0.5. This is due to the fact that the heat
LS transfer across= 0.5 is purely due to conduction as the ver-
* A LN tical velocity component vanishesat 0.5. Moreover, the
. heat transfer rate §t= 0.5 is half of that ag = 1.
o M The average Nusselt number obtained for Hartmann num-
e | bers in the range of P0< Ha? < 4 x 10’ andPr =1 are
L% plotted in Fig. 10. Steady-state solutions could not be ob-
) tained forHa® > 4 x 10’. Fig. 10 shows that the effect of
1 convection is not significant foraZ < 5 x 10*. The heat
005 5 ” I ) A transfer correlation given by Eq. (35) can be used to predict
the average Nusselt number within a maximum relative error
of 10.2% and an rms value equal to 6.4%.

NUayg = 0.085H2%%°

Fig. 9. Horizontally averaged temperature profiles for electromagnetically 2 7 _
driven flows(Pr — 1), for5x 10* <Ha? <4 x 10" andPr=1 (35)
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4.3. Combined effect of Rayleigh and Hartmann numbers

tions were verified by equating the electromagnetic body
force to the viscous force under weak flow conditions and  Numerical values of the average Nusselt number obtained
to the inertial force under strong flow conditions. In the for 5 x 103 < Ra < 10° and 16 < Ha? < 2 x 107 with
physical modelling study conducted by Choudhary and his Pr = 1 are plotted in Fig. 11. It shows that, for a given
co-workers [1] to experimentally measure the electromag- Rayleigh numberNuag at the liquid surface remains unaf-
netically driven flow in a horizontally placed trough filled fected by the Hartmann number initially as the electromag-
with mercury, they observed that maximum velocity varies netic body force is insignificant in relation to the gravita-
linearly with the electrode current. The Reynolds number tional body force. As the Hartmann number is increased, the
for their physical model was reported to be in the range of convective heat transfer gets suppressed till the average Nus-
4x 10%to 2x 10°. This supports the present observation that selt number curve reaches a minimum. The suppression is
the linear relationship is valid for strong flows. due to the fact that both the body forces oppose each other

The horizontally averaged temperature profiles for the near the heat transfer boundary. A total suppression of the
magnetohydrodynamic flows fédr = 1 are plotted in Fig. 9.  flow such that the average Nusselt number approaches its
The conduction profile is compared with the temperature conduction limit does not take place because the counter
profiles for the three different valuesldi? (i.e.,Ha? = 10°, acting driving forces (i.e., the gravitational body force and
10° and 10). All these profiles show that the maximum the electromagnetic body force) are not identical in all re-
liquid temperature occurs at the adiabatic bottom wall. As spects. Further increase in the Hartmann number enhances
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Beyond this point, the gravitational body force can be
neglected.

A O O N ®OO

At the transition point, the maximum horizontal velocity
% 4] caused by gravitational body force can be equated to that
! . & caused by the electromagnetic body force. This results in the
i following relationship for the transition point:

Nu
e

Ha?
— ~ 1200 forPr=1anda =2 (36)
v Ra/ transition

Based on Eq. (36) and Fig. 11, the onset point condition can
be defined as

Hd Ha2

a (—) ~ 120 forPr=1anda=2 (37)
\/ﬁl onset

Eq. (37) assumes that the onset point occurs when the max-

imum horizontal velocity due to the electromagnetic body

force becomes 10% of the maximum horizontal velocity

1 due to the gravitational body force. Fig. 11 shows that the

average Nusselt number becomes independeRiaofhen

Ha?/Ra~ 10%. Therefore, termination point can be ex-

4 I pressed as given by Eq. (38). The loci of onset point, transi-

. i tion point and termination point are shown in Fig. 11.

20

N

o O N ®©Oo
*

Nu
ol

Ha?
3 — ~100 forPr=1anda=2 (38)
Ra termination

2 LI - - ‘ 2 - The flow pattern and isotherms fa= 10°, Ha? = 2 x
10 10 10 , 10 I 1 10° andPr = 1 are presented in Fig. 12. A comparison with
LTS Figs. 3 and 7 clearly shows that both the gravitational and
O Ra=0 B Ra=5x10° ® Ra=10' A Ra=5x10' * Ra=10° electromagnetic body forces are responsible for the natural
I - locus of onset points 1I - locus of transition points III - locus of termination points convection shown in Flg 12.

As discussed earlier, thduayg curves for the combined
flow consist of two regions. In the first region, from on-
set point to the transition point (i.e., 120Ha?/+/Ra <
the convective heat transfer as both the driving forces as-1200), the heat transfer coefficient decreases with increase
sist each other in this zone. Finally, the flow field becomes in Ha?/Raratio. The heat transfer correlation for the flow
governed by the electromagnetic body force as the gravita-suppression zone can be developed based on a rational rela-
tional body force becomes insignificant in comparison with tionship given by Eq. (39).
the electromagnetic body force. Thus, the average Nusselt
number curve exhibits following characteristic points: N _ 120/Ra\"

Uavg = NUgrawW(w)

(1) Onset pointait which flow suppression due to the electro-  tor pr = 1 anda = 2 (39)
magnetically driven flow cells becomes visible. In this
zone, the gravitational body force governs the primary In correlation (39)Nugravity is the average Nusselt number
flow cells. Effect of Electromagnetic body force can be given by Eq. (34) for thermally driven flow for the givéta
neglected up to the onset point. andn = 0.049+ 2.105x 10~'Ra

(2) Transition pointwhich corresponds to the minimum In the second region, from the transition point to the ter-
Nusselt number. At this point, the electromagnetically mination point, the heat transfer coefficient increases with
driven flow cells acquire the same strength as that of the increase irHa?/Ra ratio. Therefore, the heat transfer cor-
thermally driven flow cells. A flow reversal takes place relation for the flow enhancement zone can be obtained as
near the heat transfer boundary soon after the transitionEg. (40).
point such that the flow cells governed by the electro- Ha2/Ra\"
magnetic body force become the primary flow cells. NUayg = Nul_oremz(M)

(3) Termination pointwhere the Nusselt number curve 100
merges with the Nusselt number curve Rai= 0 case. forPr=1anda=2 (40)

Fig. 11. Average Nusselt number for combined flas = 1).



924 G. Sugilal et al. / International Journal of Thermal Sciences 44 (2005) 915-925

30

*
1 = *
A
1 *
18 4 A
4 8
7 * A
6
o ] ;;‘n 5 » A
L z°
. X
1 15 2 3 1 x
x A
x 2
1
0.8} .
0.01 0.1 1 10
06} Pr
6.4 m Ha=10' ® Ha=10° A Ha=10° #* Ha=10’
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00 40
Fig. 12. Contour maps of stream function and isotherms for combined flow. 30
(Ra=10°, Ha? =2 x 108, Pr=1). i
. . 20 A
where Nu grentz is the average Nusselt number given by 1
Eq. (35) for electromagnetically driven float the termina- i
tion pointandn = 0.2105— 1.053 x 10~'Ra Correlations
(39) and (40) predict the average heat transfer coefficient Z 0 1 )
within a maximum relative error of 10.5% and an rms value 9 :
of 2.52%. 8 ]
7
6 » L [ L
4.4. Effect of Prandtl number s 1 e
Effect of Prandtl number otthermally driven flowsn & 0 o o e 0
a uniformly Joule-heated liquid was investigated by vary- ,
ing Pr in the range of 1&< Pr < 10°. Results obtained for Ha
thermally driven flows showed that the thermal field was un-
m Pr=0.1 ® Pr=1 A Pr=10

affected by thePr for a givenRa
Effect of Prandtl number orlectromagnetically driven  Fig. 14. Effect of Prandtl number on average Nusselt number for combined

flowsin a uniformly Joule-heated liquid was investigated by flows.

varying Pr in the range of M1 < Pr < 10. This range was

chosen as the electromagnetically driven flow occurs in lig- e effect of Prandtl number ooombined flowsvas

uids with high electrical conductivity. Effect d®r on the studied using three different values Bf (0.1, 1 and 10)
heat transfer rate at the pool surface is illustrated in Fig. 13, tor Ra— 10° and 16 < Ha? < 2 x 107. The numerical

whereNugyg is plotted as a function oPr with Ha? as the

tor It i ident f Fiv. 13 that. f e values of the average Nusselt number obtained are plot-
parameter. It is evident from Fig. at, for a givda“,

! ted in Fig. 14. TheNugyg versusHa? curves show that
the Nuayg is strongly affected by ther. The Nusselt num- po the onset and the transition point occurs at an early

ber correlation (35) can be modified as Eq. (41) to account stage when th@r increases for a given Rayleigh number.

for the effect of Prandtl number. Eq. (41) predicts the effect 1his is due to the fact that the gravitational body force,

of Prandtl number within a maximum relative error of 13% \,nich is proportional toR&/Pr, decreases with increase

and an rms value of 6%. in Pr for a givenRa Thus, theHa?Pr/Ra ratio, as ex-

NUgyg = max(2, 0.085Ha%5%pr04 pegted, indicates _the_ relative strengths of the electromag-
tevg X( ) . ) netic and the gravitational body forces. Therefore, the find-
for5x 10" <Ha? <4 x 10" and 001<Pr<10 (41)  ings summarised in Section 4.3 f@r = 1 can be mod-
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ified to account for the effect of Prandtl number as fol-
lows:

e Electromagnetic body force can be ignored when
Ha2Pr/+/Ra< 120.

e Gravitational body force can be neglected when
Ha?Pr/Ra> 100.

o Natural convection is governed by both electromag-
netic body force and gravitational body force when
Ha?Pr/+/Ra> 120 andHa?Pr/Ra> 100.

e The Nusselt number curve exhibits a minimum when
Ha?Pr/+/Ra~ 1200.

5. Conclusions
Convective behaviour of a uniformly Joule-heated liquid

pool in a rectangular cavity, with an aspect ratio of 2, was
studied using a two-dimensional mathematical model. Di-

mensional analysis of the present problem showed that the

gravitational body force is characterised by the Rayleigh
number(Ra) while the electromagnetic body force is gov-
erned by the Hartmann numbgta). Ha2Pr/Rarepresents
the ratio of the electromagnetic body force to the gravita-
tional force prevailing in a Joule-heated liquid pool. These
forces result in convection currents in the liquid pool. Other

dimensionless numbers governing the natural convection in
the Joule-heated liquid pool are the Prandtl number of the

liquid (Pr) and the aspect rati@z) of the cavity. Physical

properties of the model fluid were assumed to be constant ex-

925

(4) The Nusselt number curve exhibits a minimum when
Ha?Pr/+/Ra~ 1200.

(5) Empirical correlations were developed for average Nus-
selt number for thermally driven, electromagnetically
driven and combined flows in a uniformly Joule-heated
liquid pool in a rectangular cavity.
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