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Abstract

A two-dimensional mathematical model has been developed to study the interaction between gravitational body force and se
electromagnetic body force in a Joule-heated liquid pool in a rectangular cavity, with an aspect ratio of 2. The Joule heating of
pool in the cavity is accomplished by passing a large alternating current employing a pair of plate electrodes immersed in the li
electrode surfaces are assumed to be isopotential and rest of the boundaries is treated as electrically insulated. The upper bou
liquid pool is an isothermal boundary while the rest of the boundaries are assumed to be thermally insulated. The present study i
the convective behaviour of different liquids under Joule heating. Numerical simulations have been carried out employing Boussin
for Rayleigh numbers up to 2.5 × 105 and Hartmann numbers up to 4× 107. This study shows that the heat transfer in the uniform
Joule-heated liquid is governed by the gravitational body force whenHa2Pr/

√
Ra< 120 and by the self-induced electromagnetic body fo

whenHa2Pr/Ra> 100. It also indicates that the thermal field is strongly dependent onPr in electromagnetically driven flows whilePr
has negligible effect on temperature field in thermally driven flows for 103 � Pr � 10. Heat transfer correlations for thermally driven flow
electromagnetically driven flows and combined flows are also presented.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

The principle of Joule heating is extensively made
of in the electrothermal industries to give rise to eleva
process temperatures. For example, Joule heating is
for melting glasses in electric glass melters and for hea
molten slag in electro-slag remelting process applied in
steel industry. The above electrothermal processes em
either direct current or low frequency, alternating curre
for heating the process medium, which is in liquid st
placed between a pair of electrodes.

* Corresponding author. Tel.: +91 22 25591074; fax: +91 22 2550518
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Physical phenomena taking place inside Joule-heated
uid pools are quite complex and interrelated. The heat tr
fer in the liquid pool is governed by the natural convect
caused by the body forces generated on account of J
heating. Two types of body forces prevail in an electrica
conducting liquid under Joule heating. These are thegravi-
tational body forcedue to the non-uniform temperature fie
and theelectromagnetic body forcedue to the interaction
between self-induced magnetic field and moving charge
riers in the liquid. The convective behaviour of the liqu
pool under Joule heating depends strongly on the interac
between the two body forces.

Mathematical models have been developed by variou
searchers to study the convective behaviour of liquids
der Joule heating [1–5]. Models developed for predict

the flow field and the temperature distribution inside the
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Nomenclature

A magnetic vector potential . . . . . . . . . . . V·s·m−1

B magnetic flux density vector . . . . . . . . Wb·m−2

D electric flux density . . . . . . . . . . . . . . . . . . C·m−2

E electric field intensity . . . . . . . . . . . . . . . . V·m−1

g gravitational acceleration vector . . . . . . . m·s−2

g acceleration due to gravity 9.81 . . . . . . . m·s−2

h heat transfer coefficient . . . . . . . . . W·m−2·K−1

H magnetic field strength . . . . . . . . . . . . . . . A·m−1

J electric current density . . . . . . . . . . . . . . . A·m−2

k thermal conductivity . . . . . . . . . . . W·m−1·K−1

L vertical dimension of cavity . . . . . . . . . . . . . . . m
p excess pressure over static pressure . . . N·m−2

r position vector . . . . . . . . . . . . . . . . . . . . . . . . . . m
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
u velocity alongx direction . . . . . . . . . . . . . m·s−1

V velocity vector . . . . . . . . . . . . . . . . . . . . . . . m·s−1

w velocity along thez direction . . . . . . . . . . m·s−1

W horizontal dimension of cavity . . . . . . . . . . . . m
x, y, z Cartesian coordinates . . . . . . . . . . . . . . . . . . . . m

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . m2·s−1

β coefficient of volumetric expansion . . . . . . K−1

ϕ electric scalar potential . . . . . . . . . . . . . . . . . . . V
µ magnetic permeability . . . . . . . . . . . . . . . H·m−1

ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

σ electrical conductivity . . . . . . . . . . . . . mho·m−1

ω angular frequency of current . . . . . . . . . rad·s−1

∇ gradient operator . . . . . . . . . . . . . . . . . . . . . . m−1

∇2 Laplacian operator . . . . . . . . . . . . . . . . . . . . . m−2

� difference of a quantity

Superscript
′ dummy variable

Subscript

0 reference value
avg average value
max maximum value
x, y, z component of a vector quantity

Dimensionless quantities

Ã magnetic vector potential,AW/σµϕ0L
2

B̃ magnetic flux density,BW/σµϕ0L

Ẽ electric field intensity,EW/ϕ0
J̃ electric current density,JW/σϕ0
p̃ pressure,pL2/ρν2

T̃ temperature, 2(T − T0)kW2/σϕ2
0L2

ũ, w̃ x- andz-components of̃V
Ṽ velocity vector,VL/ν

x̃ Cartesian coordinate inx direction,x/L

z̃ Cartesian coordinate inz direction,z/L
ϕ̃ electric scalar potential,ϕ/ϕ0
∇̃ gradient operator,∇L

∇̃2 Laplacian operator,∇2L2

Dimensionless numbers

a aspect ratio,W/L

Ha Hartmann number,
J0L

2
√

µ/ρ0ν2 = Lσϕ0
√

µ/ρ0ν2a2

Nuavg average Nusselt number, 2/ 1
a

∫ a

0 T̃ dx̃

Nf square of the ratio ofL to the electromagnetic
wavelength,ωµσL2

NRem magnetic Reynolds number,σµLV0 = σµν

Pr Prandtl number,ν/α

Ra Rayleigh number,
L3gβ�T0/να = L3gβσϕ2

0/2kανa2
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electro-slag remelting furnace assume that the gravitati
body force can be neglected when compared with the e
tromagnetic body force [1,2]. On the other hand, the e
tromagnetic body force is ignored in the models for
electric glass melters [3–5]. Thus, it is evident from the lit
ature that physical properties of electrically conducting
uids strongly govern their convective behaviour under Jo
heating. The present study investigates the convective be
iour of different electrically conducting liquids ranging fro
molten metal to molten glass. Main aim of this study is
identify the conditions under which each one of these
body forces prevailing in a Joule-heated liquid pool do
nates the other. It also characterises convective behavio
thermally driven flows, electromagnetically driven flows a
combined flows in a Joule-heated liquid pool. Heat tran

correlations for these three types of flow are also presented.
-

f

2. Governing equations and boundary conditions

Mathematical model to describe the state of an ele
cally conducting liquid pool in a cavity involves model equ
tions for fluid flow, heat transfer and Maxwell’s equatio
describing the electromagnetic field.

2.1. Electromagnetic field

The Maxwell’s equations describing the electromagn
fields prevailing in a Joule-heated liquid pool can be w
ten as

∇ × E = −∂B
∂t

(1)

∂D
∇ × H = J +
∂t

(2)
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∇ · B = 0 (3)

Further, the equation of electric charge continuity in a Jo
heated liquid pool can be expressed as

∇ · J = 0 (4)

In addition to the above equations, constitutive relation
given by Eqs. (5) and (6) exist. Relation stated in Eq. (6
known as Ohm’s Law

B = µH (5)

J = σ(E + V × B) (6)

At low frequencies, i.e. when the rates of time variat
are sufficiently slow, the displacement-current(∂D/∂t) can
be neglected. For such cases, Eq. (2) can be simplified
re-written as Eq. (7) using Eq. (5).

∇ × B = µJ (7)

Upon combining Eqs. (1), (6) and (7) the following expre
sion is obtained:

∇ × ∇ × E = −µ
∂[σ(E + V × B)]

∂t
(8)

For the sinusoidal variation of an applied electric field,
electric and magnetic fields can respectively be represe
by Eq. (9) and (10).

E = 

E ejωt (9)

B = 

B ejωt (10)

where


B and



E are complex amplitude of the phasorsE and

B, ω is frequency andj = √−1. For a steady velocity field
Eqs. (8)–(10) can be combined to get Eq. (11)

∇ × ∇ × 

B = −jωµσ

(

B +V × 


E
)

(11)

which can be re-written in the following dimensionless for
assuming that electrical conductivity and magnetic per
ability remain constant:

∇̃ × ∇̃ × Ẽ = −jNf

[
Ẽ + NRem̃V × B̃

]
(12)

The dimensionless quantityNf represents the square of t
ratio of the length scale to the wavelength of electromagn
field oscillation andNRemis the magnetic Reynolds numbe
which can be defined as the ratio of convective to dif
sive transport of electromagnetic field. The values ofNf

andNRem for a typical industrial scale electro-slag reme
ing unit are of the orders of 10−3 and 10−4 respectively [1].
These quantities are also typically small for glass mel
operations [4]. Under such conditions, the electric field
be regarded as eddy free field and therefore, the same c
expressed in terms of the electric scalar potential as

E = −∇ϕ (13)

For small magnetic Reynolds numbers, the sluggish

drodynamic behaviour of the liquid pool has negligible
e

effect on the electromagnetic behaviour. For such ca
Ohm’s law stated in Eq. (6) can be simplified as

J = σE (14)

Using Eqs. (13) and (14) in Eq. (4), the charge continu
equation can be re-written as

∇ · [σ∇ϕ] = 0 (15)

which takes the following dimensionless form when elec
cal conductivity is constant:

∇̃2ϕ̃ = 0 (16)

The dimensionless form of the Ohm’s Law given by Eq. (1
is

J̃ = −a∇̃ϕ̃ (17)

where dimensionless quantity ‘a’ is the aspect ratio of the
rectangular cavity in thexz-plane.

The magnetic flux density can be obtained by solving
(7), which has a dimensionless form as given by Eq. (1
subject to the constraint given by Eq. (19) which is the
mensionless form of Eq. (3).

∇̃ × B̃ = J̃ (18)

∇̃ · B̃ = 0 (19)

Since there are no externally applied magnetic fields,
magnetic flux density must vanish at infinity. Eq. (19) c
be identically satisfied by introducing the magnetic vec
potential,̃A, defined by

B̃ = ∇ × Ã (20)

since the divergence of the curl of any vector field is ze
Using the vector identity∇ × (∇ × A) = ∇(∇ · A) − ∇2A,
Eq. (18) and (20) can be combined to obtain

∇̃(∇̃ · Ã
) − ∇̃2Ã = J̃ (21)

The vector potential is arbitrary up to the addition of a g
dient of any scalar field(ζ ), since∇ × (A + ∇ζ ) = ∇ × A
as∇ × ∇ζ = 0 for any scalar field. Therefore,ζ can be cho-
sen such that∇ · A = 0, which is often referred to as fixin
the gauge ofA [6]. Then Eq. (21) reduces to

∇̃2Ã = −̃J (22)

Using the Green’s function in 3-D space [7], the vec
potential can be expressed as

Ã[r̃] = 1

4π

∫ ∫ ∫
J̃[r̃′]

|r̃ − r̃′|3 dr̃′ (23)

which satisfies the condition∇ · Ã = 0 as∇ · J̃ = 0 in the
present study. Therefore, the magnetic flux density at p
tion r̃, i.e. B̃[r̃], induced in the liquid pool due to a curre
density J̃[r̃′] at positionr̃′ can be expressed, in its dime
sionless form, as given by Eq. (24).

˜ 1
∫ ∫ ∫

J̃[r̃′] × (r̃ − r̃′) ′
B[r̃] =
4π |r̃ − r̃′|3 dr̃ (24)
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where d̃r′ denotes the volume element dx̃′ dỹ′ dz̃′ and r̃ =
r/L is the dimensionless position vector.

Since this study considers low frequency alternating c
rent sources for Joule heating, the complex amplitudes o
electromagnetic quantities that appear in the above equa
can be replaced with the corresponding rms values.

2.2. Fluid flow

Fluid flow in the system is described by the equation
continuity and by the Navier–Stokes equation for mom
tum. Assuming the model fluid to be incompressible,
equation of continuity can be expressed as

∇ · V = 0 (25)

which can be rewritten in dimensionless form as

∇̃ · Ṽ = 0 (26)

Using the Boussinesq approximation, the Navier–Sto
equation for momentum for a steady, laminar flow can
written as

ρ(V · ∇)V = −∇p + µ∇2V + J × B − ρβ(T − T0)g (27)

which can be non-dimensionalised to obtain(
Ṽ · ∇̃)

Ṽ = −∇̃p̃ + ∇̃2Ṽ + Ha2( J̃ × B̃
) + Ra

Pr
T̃ (28)

In Eq. (28), the third and fourth terms on the right-hand s
represent the electromagnetic body force and the gra
tional body force respectively.

The dimensionless numbersRa, Pr and Ha are the
Rayleigh number, the Prandtl number and the Hartm
number respectively. It is well known that the Rayleigh nu
ber, which is the buoyant force divided by the product
the viscous drag and the rate of heat diffusion, characte
the buoyancy driven natural convection while the Hartm
number governs the magnetohydrodynamic flows. Tradit
ally, the Hartmann number is defined asHa = B0L0

√
σ/ρν

[8]. This definition is obtained for conventional magne
hydrodynamic flows where the order of magnitude ofJ is
same as that ofV × B. In the present study, it is assum
that J � V × B and hence the conventional definition
Hartmann number may not be valid. Therefore, Hartm
number is defined asHa = (J0L

2/ν)
√

µ/ρ0 for the presen
study. The Hartmann number is the square root of the
tio of the electromagnetic body force to viscous force wh
the ratioRa/Pr is the ratio of the gravitational body forc
to viscous force. Thus,Ha2Pr/Ra is the ratio of the electro
magnetic body force to the gravitational body force.

2.3. Heat transfer

Assuming negligible viscous heat dissipation, the diff
ential thermal energy balance equation may be express

1

ρCp(V · ∇T ) = k∇2T +

σ
J · J (29)
s

s

Fig. 1. Computational domain with coordinate system.

which can be non-dimensionalised to obtain(
Ṽ · ∇̃T̃

) = 1

Pr
∇̃2T̃ + 2

Pr
J̃ · J̃ (30)

The last term on the right of Eq. (30) represents the volum
ric heat generation due to Joule heating.

2.4. Simplified model equations and boundary condition

The boundary conditions used in the present study are
plained in Fig. 1, which shows the principal dimensions
the computational domain in thex–z plane. In the presen
study all gradients in they-direction are neglected. Fu
ther, the electrode pair is assumed to be isopotential sur
with an externally applied potential difference ofϕ0 across
them. Rest of the boundaries is assumed to be electri
insulated. All the boundaries of the pool are solid–fluid
terfaces, which can be treated as no-slip and no-penetr
type such that velocity components are zero at these bo
aries. The upper boundary of the liquid pool is an isother
surface while the rest of the boundaries are assumed
thermally insulated. The governing equations discussed
lier can be simplified to suit the above conditions as

d2ϕ̃

dx̃2
= 0 (31a)

J̃x = −a
dϕ̃

dx̃
(31b)

B̃y[x̃, z̃] = 1

2π

1∫
0

a∫
0

−(z̃ − z̃′)J̃x[x̃′, z̃′]
(x̃ − x̃′)2 + (z̃ − z̃′)2

dx̃′ dz̃′ (31c)

∂ũ

∂x̃
+ ∂w̃

∂z̃
= 0 (31d)

ũ
∂ũ

∂x̃
+ w̃

∂ũ

∂z̃
= −∂p̃

∂x̃
+ ∂2ũ

∂x̃2
+ ∂2ũ

∂z̃2
(31e)

ũ
∂w̃

∂x̃
+ w̃

∂w̃

∂z̃
= −∂p̃

∂z̃
+ ∂2w̃

∂x̃2
+ ∂2w̃

∂z̃2

+ Ha2J̃xB̃y + Ra

Pr
T̃ (31f)

∂T̃ ∂T̃ 1
[
∂2T̃ ∂2T̃

]
2 2̃
ũ

∂x̃
+ w̃

∂z̃
=

Pr ∂x̃2
+

∂z̃2
+

Pr
Jx (31g)
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The corresponding boundary conditions can be expre
as

ϕ̃ = 1 for x̃ = 0, 0� z̃ � 1 (32a)

ϕ̃ = 0 for x̃ = a, 0 � z̃ � 1 (32b)

ũ = w̃ = 0 for x̃ = 0, 0� z̃ � 1

x̃ = a, 0� z̃ � 1

z̃ = 0, 0< x̃ < a

z̃ = 1, 0< x̃ < a (32c)

T̃ = 0 for z̃ = 1, 0 � x̃ � a (32d)

∂T̃

∂x̃
= 0 for x̃ = 0, 0� z̃ < 1

x̃ = a, 0� z̃ < 1 (32e)

∂T̃

∂z̃
= 0 for z̃ = 0, 0 < x̃ < a (32f)

3. Numerical solution

The transport equations describing the balance of e
tric charge, momentum and heat were discretized using
control volume based finite difference method of Patan
[9]. For this, the diffusion terms in the governing equ
tions were approximated by the standard central differe
scheme while the convection terms were approximated
the power-law scheme. The discretized equations were
atively solved using a line-by-line method coupled with
tri-diagonal matrix algorithm. The SIMPLE algorithm wa
used to handle the pressure-velocity coupling.

The self-induced magnetic flux densitỹBy was deter-
mined by numerically integrating Eq. (31c) employing m
point method. Special care was taken to evaluate the a
integral numerically, since the integrand is singular wh
(x̃, z̃) = (x̃′, z̃′). Since the contribution of a given contr
volume to the total value of̃By at the node corresponding
the same control volume is small, the numerical integra
was carried out excluding the cell for which(x̃′, z̃′) = (x̃, z̃)

to avoid singularity conditions.
The computer program was benchmarked using res

obtained by Emara and Kulacki, who carried out a num
cal investigation of thermal convection in a heat-genera
fluid layer [10]. They obtained finite difference solutio
of the equations governing two-dimensional thermal c
vection driven by uniform volumetric energy sources d
tributed in an incompressible fluid(Pr = 6.5) in a rectan-
gular enclosure, bounded by an isothermal top bound
and remaining adiabatic boundaries. The computed a
age Nusselt number obtained using a uniform grid of s
60×30, shows a relative difference of 5.6% forRa= 5×104

when compared with the heat transfer correlation of Em
and Kulacki. It is believed that this difference is accepta
as the numerical results are compared with the correla
which was developed for a wide range of Rayleigh num

(5 × 103–5× 108), most of which is in the turbulent flow
regime. Experimental measurement of Kulacki and Em
[11] reported an average bottom temperature of 0.3 fo
layer of water with large horizontal extent when the Rayle
number is 2.85× 105. Present code predicted a horizonta
averaged valued of 0.2703 at the bottom layer of water w
a finite aspect ratio(a = 2). The deviation from the expe
imental value can be attributed to the differences betw
the experimental conditions and model assumptions suc
constant physical properties, aspect ratio and method o
eraging the local temperatures. Present computer prog
was also successfully benchmarked using the results of
Hadid et al. [12], who performed numerical study to inve
gate the flow structures and the nature of convective reg
in a differentially heated rectangular cavity filled with
electrically conducting liquid metal when it is subjected
a constant vertical magnetic field.

Based on the grid sensitivity analysis, a uniform grid
size 120× 60 was employed throughout the present st
in order to obtain the numerical solution of the govern
partial differential equations.

4. Results

The natural convection in a Joule-heated liquid poo
driven by the gravitational body force and/or the elect
magnetic body force that prevail in the system. The e
tromagnetic body force can be neglected for relatively sm
values of the Hartmann number. In such thermally dri
flows, the convective heat transport in the liquid pool is ch
acterised by the Rayleigh number. On the other hand
liquids with high electrical conductivity, electromagnetica
driven flows prevail by virtue of strong electromagnetic bo
forces. In such electromagnetically driven flows, the c
vective heat transport in the liquid pool is characterised
the Hartmann number and the Prandtl number. When
the gravitational body force and the electromagnetic b
force are equally strong, the flow pattern and thermal fi
in a Joule-heated liquid pool strongly depend on the inte
tion of the gravitational force and the electromagnetic b
force. The convective heat transfer is either enhanced or
pressed depending upon whether these two body force
assisting or opposing each other. Convective behaviou
thermally driven flows, electromagnetically driven flows a
combined flows in uniformly Joule-heated liquids are d
cussed in the following sections.

4.1. Thermally driven flows

Eq. (31a) can be solved analytically for the boundary c
ditions (32a) and (32b) to get̃Jx̃ = 1, which give rise to a
uniform Joule heat generation in the liquid pool. For an
finite horizontal thin layer of liquid with uniform interna
heat generation, linear stability theory shows that the o
of motion occurs atRac = 1386 [13]. In presence of latera

boundaries, the critical Rayleigh number is expected to be
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Fig. 2. Maximum horizontal velocity for thermally driven flows (Pr = 1).

a function of the aspect ratio. For the present case, liqu
bounded by two lateral walls in thex-direction. These ver
tical walls suppress the destabilising forces and as a r
the critical Rayleigh number is expected to be higher t
1386. The effect of lateral wall for the current aspect ra
(a = 2) on the critical Rayleigh number can be illustrated
plotting the maximum horizontal velocity as a function
Ranear the instability region. Maximum horizontal veloc
againstRa for Pr = 1 is plotted in Fig. 2. The onset of mo
tion occurs close toRa= 1650 for an aspect ratio of 2. Fig.
shows that the maximum horizontal velocity varies linea
with the Rayleigh number soon after the onset of moti
Near the onset of motion, the flow is weak and it is r
sonable to equate the gravitational body force to the visc
force which leads to the linear relationship observed. F
ther, when the flow becomes strong enough, the gravitati
body force can be equated to the inertial force such
square of the maximum horizontal velocity varies linea
with the Rayleigh number as seen in Fig. 2. Steady-state
lutions could not be obtained forRa> 2.5× 105.

Flow pattern and isotherms obtained forRa= 105 and
Pr = 1 are shown in Fig. 3. It reveals that the flow fie
consists of two counter-rotating flow cells, with an upwa
flow at the centre of the pool and a downward flow n
the boundaries. Numerical results obtained for differentRa
shows that the flow field is relatively stronger at the p
centre for low Rayleigh numbers. AsRa increases, the
down-flow near the walls becomes stronger than the
tral up-flow and the centres of the flow cells move towa
the bottom corners. Predicted isotherms show that, on
horizontal plane within the liquid pool, the boundaries
relatively cooler than the centre which is consistent with
flow patterns observed.

Horizontally averaged liquid-temperature is plotted
Fig. 4 as a function of̃z for different values ofRa. A constant
temperature gradient of−2 at the liquid surface, irrespectiv
of the Rayleigh number, indicates that the steady-state

transfer rate matches the heat generation rate in the liquid
t

t

Fig. 3. Contour maps of stream function and isotherms for thermally dr
flow (Ra= 105, Pr = 1).

Fig. 4. Horizontally averaged temperature profiles for thermally dri
flows (Pr = 1).

However, the mean temperature difference across the
uid layer decreases with increase inRa. An average Nusse
number, in terms of the mean temperature difference ac
the liquid layer, can be defined as

Nuavg= 2
�̃T z̃=0 − �̃T z̃=1

= 2
�̃T z̃=0

(33)

where�̃T = 1
a

∫ a

0 T̃ dx̃ is the horizontally averaged temper

.ture of the liquid.
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Fig. 5. Average Nusselt number for thermally driven flows(Pr = 1).

Fig. 4 implies thatNuavg = 2 for conduction, i.e. when
Rayleigh number is less than the critical value,Ra= 1650.
Convection currents in the post stability regime lower
mean temperature difference across the liquid layer as i
trated in Fig. 4. This results in an increase inNuavg. Thus,
Nuavg is an indication of degree of convection in the p
stability regime. The average Nusselt number forPr = 1 is
plotted as a function ofRa in Fig. 5. Based on the results o
tained, an empirical correlation was developed forNuavg as
given by Eq. (34).

Nuavg= 2+ 2.5 log

(
Ra

1650

)
for 1650� Ra� 2.5× 105 andPr = 1 (34)

The correlation (34) gives a maximum relative error
2.8% and an rms value of 1.6% when compared with
Nuavg computed. The functional form of the above cor
lation leads toNuavg = 2 at the critical Rayleigh numbe
(Ra= 1650).

4.2. Electromagnetically driven flows

The governing partial differential equations show t
the electric field, flow field and thermal field are decoup
for magnetohydrodynamic flows for low magnetic Reyno
number when physical properties are assumed to be tem
ature independent. Therefore, unlike in the case of therm
driven flows where the flow and thermal fields are intimat
coupled, in electromagnetically driven flows, the flow fie
can be obtained for a given Hartmann number and the t
mal field can be obtained subsequently for the compu
flow field.

Fig. 6 presents the magnetic flux density (B̃y) contours
given by Eq. (31c). The current densitỹJx results in the
magnetic flux densitỹBy and the interaction of the tw
results in the electromagnetic body forces,J̃xB̃y(= B̃y for

J̃x = 1) which act in thez-direction. The electromagnetic
-

Fig. 6. Contour map of y-component of magnetic flux density.

Fig. 7. Contour maps of stream function and isotherms for electromag
cally driven flow (Ha2 = 2× 106, Pr = 1),

body forces try to pull the liquid towards the mid-height
the pool. It is also evident from Fig. 6 that the contract
forces are maximum at the centre of the horizontal bou
aries. The non-uniform electromagnetic body force due
the self-induced magnetic field result in magnetohydro
namic flows in the liquid. Fig. 6 suggests a flow patte
with four counterrotating flow cells. The flow pattern a
corresponding isotherms forHa2 = 2 × 106 andPr = 1 are
presented in Fig. 7. The numerical results obtained show
size of the flow cells diminishes asHa2 increases leaving th
pool centre relatively stagnant. Deformation of the isothe
from its conduction solution, which are horizontal lines, c
be explained in terms of the direction of the flow cells.

The maximum horizontal velocity obtained for 103 �
Ha2 � 4 × 107 is plotted in Fig. 8. It shows two distinc
regions with two different slopes. The maximum horizo
tal velocity varies linearly withHa2 for weak flows while

it varies linearly withHa for strong flows. These observa-
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Fig. 8. Maximum horizontal velocity for electromagnetically driven flow

Fig. 9. Horizontally averaged temperature profiles for electromagnetic
driven flows(Pr = 1).

tions were verified by equating the electromagnetic b
force to the viscous force under weak flow conditions a
to the inertial force under strong flow conditions. In t
physical modelling study conducted by Choudhary and
co-workers [1] to experimentally measure the electrom
netically driven flow in a horizontally placed trough fille
with mercury, they observed that maximum velocity var
linearly with the electrode current. The Reynolds num
for their physical model was reported to be in the range
4×104 to 2×105. This supports the present observation t
the linear relationship is valid for strong flows.

The horizontally averaged temperature profiles for
magnetohydrodynamic flows forPr = 1 are plotted in Fig. 9
The conduction profile is compared with the temperat
profiles for the three different values ofHa2 (i.e.,Ha2 = 105,
106 and 107). All these profiles show that the maximu

liquid temperature occurs at the adiabatic bottom wall. As
Fig. 10. Average Nusselt number for electromagnetically driven fl
(Pr = 1).

shown in case of thermally driven flows, the temperat
gradient at the pool top equals to−2. In addition, the hor-
izontally averaged temperature profiles exhibit a cons
slope of−1 at z̃ = 0.5. This is due to the fact that the he
transfer across̃z = 0.5 is purely due to conduction as the ve
tical velocity component vanishes atz̃ = 0.5. Moreover, the
heat transfer rate atz̃ = 0.5 is half of that at̃z = 1.

The average Nusselt number obtained for Hartmann n
bers in the range of 103 � Ha2 � 4 × 107 andPr = 1 are
plotted in Fig. 10. Steady-state solutions could not be
tained forHa2 > 4 × 107. Fig. 10 shows that the effect o
convection is not significant forHa2 < 5 × 104. The heat
transfer correlation given by Eq. (35) can be used to pre
the average Nusselt number within a maximum relative e
of 10.2% and an rms value equal to 6.4%.

Nuavg= 0.085Ha0.59

for 5× 104 � Ha2 � 4× 107 andPr = 1 (35)

4.3. Combined effect of Rayleigh and Hartmann numbe

Numerical values of the average Nusselt number obta
for 5 × 103 � Ra � 105 and 103 � Ha2 � 2 × 107 with
Pr = 1 are plotted in Fig. 11. It shows that, for a giv
Rayleigh number,Nuavg at the liquid surface remains una
fected by the Hartmann number initially as the electrom
netic body force is insignificant in relation to the gravi
tional body force. As the Hartmann number is increased
convective heat transfer gets suppressed till the average
selt number curve reaches a minimum. The suppressio
due to the fact that both the body forces oppose each o
near the heat transfer boundary. A total suppression o
flow such that the average Nusselt number approache
conduction limit does not take place because the cou
acting driving forces (i.e., the gravitational body force a
the electromagnetic body force) are not identical in all

spects. Further increase in the Hartmann number enhances



G. Sugilal et al. / International Journal of Thermal Sciences 44 (2005) 915–925 923

as-
es

vita-
ith

ssel

ro-
is

ary
be

m
lly
the

ce
ition
tro-

e

be

ity
that
the

can

max-
dy
ity
the

x-
nsi-

ith
and
tural

d
n-

ease
w

l rela-

er

ter-
ith
r-

d as
Fig. 11. Average Nusselt number for combined flows(Pr = 1).

the convective heat transfer as both the driving forces
sist each other in this zone. Finally, the flow field becom
governed by the electromagnetic body force as the gra
tional body force becomes insignificant in comparison w
the electromagnetic body force. Thus, the average Nu
number curve exhibits following characteristic points:

(1) Onset pointat which flow suppression due to the elect
magnetically driven flow cells becomes visible. In th
zone, the gravitational body force governs the prim
flow cells. Effect of Electromagnetic body force can
neglected up to the onset point.

(2) Transition point which corresponds to the minimu
Nusselt number. At this point, the electromagnetica
driven flow cells acquire the same strength as that of
thermally driven flow cells. A flow reversal takes pla
near the heat transfer boundary soon after the trans
point such that the flow cells governed by the elec
magnetic body force become the primary flow cells.

(3) Termination point where the Nusselt number curv

merges with the Nusselt number curve forRa= 0 case.
t

Beyond this point, the gravitational body force can
neglected.

At the transition point, the maximum horizontal veloc
caused by gravitational body force can be equated to
caused by the electromagnetic body force. This results in
following relationship for the transition point:(

Ha2

√
Ra

)
transition

≈ 1200 forPr = 1 anda = 2 (36)

Based on Eq. (36) and Fig. 11, the onset point condition
be defined as(

Ha2

√
Ra

)
onset

≈ 120 forPr = 1 anda = 2 (37)

Eq. (37) assumes that the onset point occurs when the
imum horizontal velocity due to the electromagnetic bo
force becomes 10% of the maximum horizontal veloc
due to the gravitational body force. Fig. 11 shows that
average Nusselt number becomes independent ofRa when
Ha2/Ra ≈ 102. Therefore, termination point can be e
pressed as given by Eq. (38). The loci of onset point, tra
tion point and termination point are shown in Fig. 11.(

Ha2

Ra

)
termination

≈ 100 forPr = 1 anda = 2 (38)

The flow pattern and isotherms forRa= 105, Ha2 = 2×
106 andPr = 1 are presented in Fig. 12. A comparison w
Figs. 3 and 7 clearly shows that both the gravitational
electromagnetic body forces are responsible for the na
convection shown in Fig. 12.

As discussed earlier, theNuavg curves for the combine
flow consist of two regions. In the first region, from o
set point to the transition point (i.e., 120� Ha2/

√
Ra�

1200), the heat transfer coefficient decreases with incr
in Ha2/Ra ratio. The heat transfer correlation for the flo
suppression zone can be developed based on a rationa
tionship given by Eq. (39).

Nuavg= Nugravity

(
120

√
Ra

Ha2

)n

for Pr = 1 anda = 2 (39)

In correlation (39)Nugravity is the average Nusselt numb
given by Eq. (34) for thermally driven flow for the givenRa
andn = 0.049+ 2.105× 10−7Ra.

In the second region, from the transition point to the
mination point, the heat transfer coefficient increases w
increase inHa2/Ra ratio. Therefore, the heat transfer co
relation for the flow enhancement zone can be obtaine
Eq. (40).

Nuavg= NuLorentz

(
Ha2/Ra

100

)n
for Pr = 1 anda = 2 (40)
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Fig. 12. Contour maps of stream function and isotherms for combined
(Ra= 105, Ha2 = 2× 106, Pr = 1).

where NuLorentz is the average Nusselt number given
Eq. (35) for electromagnetically driven flowat the termina-
tion point andn = 0.2105− 1.053× 10−7Ra. Correlations
(39) and (40) predict the average heat transfer coeffic
within a maximum relative error of 10.5% and an rms va
of 2.52%.

4.4. Effect of Prandtl number

Effect of Prandtl number onthermally driven flowsin
a uniformly Joule-heated liquid was investigated by va
ing Pr in the range of 10� Pr � 103. Results obtained fo
thermally driven flows showed that the thermal field was
affected by thePr for a givenRa.

Effect of Prandtl number onelectromagnetically driven
flowsin a uniformly Joule-heated liquid was investigated
varying Pr in the range of 0.01� Pr � 10. This range was
chosen as the electromagnetically driven flow occurs in
uids with high electrical conductivity. Effect ofPr on the
heat transfer rate at the pool surface is illustrated in Fig.
whereNuavg is plotted as a function ofPr with Ha2 as the
parameter. It is evident from Fig. 13 that, for a givenHa2,
the Nuavg is strongly affected by thePr. The Nusselt num
ber correlation (35) can be modified as Eq. (41) to acco
for the effect of Prandtl number. Eq. (41) predicts the eff
of Prandtl number within a maximum relative error of 13
and an rms value of 6%.

Nuavg= max
(
2,0.085Ha0.59Pr0.4)

4 2 7
for 5× 10 � Ha � 4× 10 and 0.01� Pr � 10 (41)
Fig. 13. Effect of Prandtl number on average Nusselt number for ele
magnetically driven flows.

Fig. 14. Effect of Prandtl number on average Nusselt number for comb
flows.

The effect of Prandtl number oncombined flowswas
studied using three different values ofPr (0.1, 1 and 10)
for Ra = 105 and 103 � Ha2 � 2 × 107. The numerical
values of the average Nusselt number obtained are
ted in Fig. 14. TheNuavg versusHa2 curves show tha
both the onset and the transition point occurs at an e
stage when thePr increases for a given Rayleigh numb
This is due to the fact that the gravitational body for
which is proportional toRa/Pr, decreases with increas
in Pr for a given Ra. Thus, theHa2Pr/Ra ratio, as ex-
pected, indicates the relative strengths of the electrom
netic and the gravitational body forces. Therefore, the fi

ings summarised in Section 4.3 forPr = 1 can be mod-
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ified to account for the effect of Prandtl number as f
lows:

• Electromagnetic body force can be ignored wh
Ha2Pr/

√
Ra< 120.

• Gravitational body force can be neglected wh
Ha2Pr/Ra> 100.

• Natural convection is governed by both electrom
netic body force and gravitational body force wh
Ha2Pr/

√
Ra> 120 andHa2Pr/Ra> 100.

• The Nusselt number curve exhibits a minimum wh
Ha2Pr/

√
Ra≈ 1200.

5. Conclusions

Convective behaviour of a uniformly Joule-heated liq
pool in a rectangular cavity, with an aspect ratio of 2, w
studied using a two-dimensional mathematical model.
mensional analysis of the present problem showed tha
gravitational body force is characterised by the Rayle
number(Ra) while the electromagnetic body force is go
erned by the Hartmann number(Ha). Ha2Pr/Ra represents
the ratio of the electromagnetic body force to the grav
tional force prevailing in a Joule-heated liquid pool. The
forces result in convection currents in the liquid pool. Ot
dimensionless numbers governing the natural convectio
the Joule-heated liquid pool are the Prandtl number of
liquid (Pr) and the aspect ratio(a) of the cavity. Physica
properties of the model fluid were assumed to be constan
cept for the Boussinesq approximation. Present study l
to the following conclusions:

(1) Thermally driven natural convection prevails in a u
formly Joule-heated liquid pool whenHa2Pr/

√
Ra<

120. For thermally driven flows, the thermal field is u
affected byPr when 103 � Pr � 10.

(2) Electromagnetically driven flows occur in a uniform
Joule-heated liquid pool whenHa2Pr/Ra> 100. The
magnetohydrodynamic flow is independent of thePr
while the thermal field for a given flow is strongly mo
ified by Pr.

(3) Natural convection is governed by both electrom
netic body force and gravitational body force wh
Ha2Pr/

√
Ra> 120 andHa2Pr/Ra> 100. TheNuavg

curve in the case of combined flows exhibit three ch
acteristic points, viz., onset point, transition point a
termination point.
(4) The Nusselt number curve exhibits a minimum wh
Ha2Pr/

√
Ra≈ 1200.

(5) Empirical correlations were developed for average N
selt number for thermally driven, electromagnetica
driven and combined flows in a uniformly Joule-hea
liquid pool in a rectangular cavity.
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